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Abstract: In this paper, we investigate the multi-criteria decision-making complications under in- 
tuitionistic fuzzy hypersoft set (IFHSS) information. The IFHSS is a proper extension of the intui- 
tionistic fuzzy soft set (IFSS) which discusses the parametrization of multi-sub attributes of con- 
sidered parameters, and accommodates more hesitation comparative to IFSS utilizing the multi 
sub-attributes of the considered parameters. The main objective of this research is to introduce 
operational laws for intuitionistic fuzzy hypersoft numbers (IFHSNs). Additionally, based on 
developed operational laws two aggregation operators (AOs), i.e., intuitionistic fuzzy hypersoft 
weighted average (IFHSWA) and intuitionistic fuzzy hypersoft weighted geometric (IFHSWG), 
operators have been presented with their fundamental properties. Furthermore, a decision-making 
approach has been established utilizing our developed aggregation operators (AOs). Through the 
established approach, a technique for solving decision-making (DM) complications is proposed to 
select sustainable suppliers in sustainable supply chain management (SSCM). Moreover, a nu- 
merical description is presented to ensure the validity and usability of the proposed technique in 
the DM process. The practicality, effectivity, and flexibility of the current approach are demon- 
strated through comparative analysis with the assistance of some prevailing studies. 


Keywords: hypersoft set; intuitionistic fuzzy soft set; intuitionistic fuzzy hypersoft set; IFHSWA 
operator; IFHSWG operator; SSCM 


1. Introduction 


Decision-making is an interesting concern to select the perfect alternative for any 
particular purpose. Firstly, it is supposed that details about alternatives are accumulated 
in crisp numbers, but in real-life situations, collective farm information always contains 
wrong and inaccurate information. Fuzzy sets [1] are similar to sets having an element of 
membership (Mem) degree. In classical set theory, the Mem degree of the elements in a 
set is examined in binary form to see that the element is not entirely concomitant to the 
set. In contrast, the fuzzy set theory enables advanced Mem categorization of the com- 
ponents in the set. It is portrayed by the Mem function, and also the multipurpose unit 
interval of the Mem function is [0, 1]. In some circumstances, decision-makers consider 
the Mem and non-membership (Nmem) values of objects. In such cases Zadeh’s FS is 
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unable to handle the imprecise and vague information. Atanassov [2] established the no- 
tion of intuitionistic fuzzy sets (IFS) to deal with the above-mentioned concerns. In addi- 
tion, several other theories have been proposed to overcome such complications, such as 
cubic IFS [3], interval-valued IFS [4], entropy and distance measures for IFSS [5], etc. 

Atanassov's IFS accommodates the inadequate information utilizing Mem and 
NMem values, but IFS is unable to deal with incompatible and inexact data in which al- 
ternatives have parametric values. To overcome such complications, Molodtsov [6] pre- 
sented the soft set (SS) for indeterminate, uncertain, and vague substances. Maji et al. [7] 
established the notion of the fuzzy soft set (FSS) by merging FS and SS. Ali et al. [8] 
proposed a novel decision-making approach for bipolar FSS utilizing different types of 
parameter reduction. Maji et al. [9] developed the notion of IFSS and presented some 
fundamental operations with their desirable properties. Garg and Arora [10] introduced 
the correlation coefficient for IFSS, and extended the TOPSIS method for IFSS. They also 
utilized their developed TOPSIS technique to solve multi-attribute decision-making 
(MADM) obstacles. Wei and Zhang [11] presented two novel entropy measures for IFS 
and interval-valued IFS based on cosine function with their fundamental properties and 
established a decision-making technique to utilize their developed entropy measures. 
Zulgarnain et al. [12] proposed the correlation coefficient for IVFSS and developed the 
TOPSIS technique, utilizing their presented correlation coefficient. They also introduced 
the AOs for IVFSS, and used their established techniques to solve decision-making com- 
plications. Garg and Arora [13] extended the notion of IFSS, proposed the most general- 
ized form of IFSS, and developed some AOs with their fundamental properties. 

Wang et al. [14] extended the PFSs and introduced interactive Hamacher operations 
with some novel AOs. They also established a DM method to solve MADM problems by 
using their proposed operators. Wang and Li [15] extended the notion of PFSs to inter- 
val-valued PFSs with some desirable operators. They also developed a DM technique 
utilizing their proposed operators to solve multi-attribute group decision-making 
(MAGDM) problems. Wang et al. [16] established a MADM approach utilizing inter- 
val-valued q-rung orthopair 2-tuple linguistic. Pamucar [17] established an MCDM ap- 
proach by merging two existing studies of interval grey numbers and normalized 
weighted geometric Dombi—Bonferroni mean operators. Peng and Yuan [18] established 
some novel operators, such as Pythagorean fuzzy point operators, and developed a DM 
technique using their proposed operators. Garg [19] extended the weighted AOs to PFSs 
and acquired numerous operators, introducing a DM technique founded on settled op- 
erators. Wang and Liu [20] studied a intuitionistic fuzzy Einstein weighted geometric 
operator and established a DM approach to solving DM complications. Garg [21] devel- 
oped the logarithmic operational laws for PFSs and proposed some AOs. Wang and Liu 
[22] introduced the intuitionistic fuzzy Einstein weighted averaging operator and the 
intuitionistic fuzzy Einstein ordered weighted averaging operator with their desirable 
properties. Arora and Garg [23] presented the operational laws for linguistic IFS and 
developed prioritized AOs. 

Faizi et al. [24] introduced two novel techniques to obtain the best priority vector for 
the solution of MAGDM problems utilizing intuitionist 2-tuple linguistic sets. Based on 
Hamacher operations, they presented some operational laws in an under-considered en- 
vironment. Xu [25] presented some innovative AOs for IFSs and proposed the compari- 
son laws for IFNs. Sinani et al. [26] extended the Hamy mean and Dombi operators for 
rough numbers and established a DM approach to resolving MADM challenges based on 
their acquired operators. Riaz et al. [27] introduced the soft multi-set topology on a soft 
multi-set with aggregation operators and the MCDM technique. Peng et al. [28] pre- 
sented the notion of PFSS with its fundamental properties merging two prevailing tech- 
niques, PFS and SS. Athira et al. [29] extended the concept of PFSS, and introduced en- 
tropy measure under-considered environment. Zulgarnain et al. [30] established opera- 
tional laws for Pythagorean fuzzy soft numbers (PFSNs) and developed AOs, such as 
Pythagorean fuzzy soft weighted average and geometric, by using defined operational 
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laws for PFSNs. They also planned a DM approach to solve MADM problems with the 
help of presented operators. Riaz et al. [31] have established AOs utilizing Einstein Op- 
erations and examined their fundamental properties; they also proposed a DM technique 
to solve MCDM obstacles. Faizi et al. [32] extended the notion of normalized inter- 
val-valued triangular fuzzy numbers, and developed an MCDM technique to solve DM 
issues. Several techniques have been established to solve multi-criteria decision analysis 
(MCDA) which provide suitable results in real-life complications [33,34]. Salabun et al. 
[35] worked to benchmark selected MCDA techniques and determined that a set of real- 
istic MCDA approaches. Referring to the mentioned guide, they propose to organize 
simulation experimentations. 

The existing studies only deal with inadequate information due to membership and 
non-membership values. However, these theories cannot handle the overall incompati- 
ble, as well as imprecise, information. When any attribute from a set of parameters com- 
prises further sub-attributes, the prevailing theories fail to solve such types of problems. 
To overcome the aforementioned limitations, Smarandache [36] developed the idea of SS 
to hypersoft sets (HSS) by substituting the one-parameter function f to a multi-parameter 
(sub-attribute) function. Samarandache claimed that the established HSS can compe- 
tently deal with uncertain objects, in comparison to SS. Nowadays, HSS theory and its 
extensions have been gaining unexpected traction. Several investigators have examined 
progressed distinctive operators along with characteristics under HSS and its extensions 
[37-43]. Zulqarnain et al. [44] presented the IFHSS, which is the generalized version of 
IFSS. They established the TOPSIS method to resolve the MADM problem, utilizing the 
developed correlation coefficient. 

The essential objective of the following scientific research is to grow novel AOs for 
the IFHSS environment and processing mechanism, which can also follow the assump- 
tions of IFHSNs. Furthermore, we developed an algorithm to explain the MCDM prob- 
lem, and presented a numerical illustration to justify the effectiveness of the proposed 
approach under the IFHSS environment. Supplier selection and evaluation is a critical 
factor in business activity. Recent government policy changes have led to supplier selec- 
tion being considered from various perspectives, including environmental and social 
imperatives. Thus, in the literature, the problem is referred to as sustainable supplier se- 
lection and described as a problem for MCDM. Simultaneously, many papers [45-48] 
point to the need for further research using MCDM methods in sustainable supplier se- 
lection, oriented at properly reflecting uncertainties in the data of the environment and 
the preferences of the decision-maker. To improve the computing power and flexibility of 
IFSS, we first summarize the decision formula to incorporate the views of deci- 
sion-makers into IFHSS terms, and propose operational rules for IFHSS. According to the 
newly developed operational rules, there are two AOs, namely IFHSWA and IFHSWG 
operators, which have been established. Many of the associated properties of these op- 
erators are also inspected. The score function and accuracy function of IHFSS are also 
discussed to compare IFHSS. The algorithmic rule following the proposed operator to 
resolve the DM problems is anticipated, along with a numerical example used to 
demonstrate the effectiveness of the introduced DM approach. 

The rest of the study is planned thus: In section 2, we present some initial impres- 
sions, such as SS, HSS, and IFHSS, which help us to build a successful investigation 
structure. We formulated some operational laws for IFHSNs in accordance with estab- 
lished operating laws, and presented the aggregation operators (AOs) with their proper- 
ties in section 3. In section 4, a DM method is developed for SSCM by using the proposed 
operator. To ensure the practicality of the established DM approach a numerical example 
is presented. In addition, we utilize some available techniques to indicate analysis within 
our own designed technique. Furthermore, we give the benefits of planned algorithms, 
simplicity, flexibility, and effectivity. In section 5, we will concisely discuss and compare 
existing techniques along with the projected approach. 
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2. Preliminaries 


In the following section, we are going to review some fundamental definitions that 
support us in establishing the following research structures, such as SS, HSS, FHSS, as 
well as IFHSS. 


Definition 1. [6] Let U be the universal set and € be the set of attributes concerning U. Let 
P(U) be the power set of U and C © E. A pair (F,C) is called a SS over U and its mapping is 
given as 


F:C > P(U) 
It is also defined as: 


(F,C) = {F(e) € P(U):e € €, Fle) = Oife EC} 


Definition 2. [7] FCU) be a collection of all fuzzy subsets over U and € be a set of attributes. 
Let C © €, thena pair (F,C) is called FSS over U, where F is a mapping such as 


F: C > ACU) 


Definition 3. [36] Let U be a universe of discourse and P(U) be a power set of U and k = 
{ky, ko, K3,.., Kyi(n 2 1) be a set of attributes and set K; a set of corresponding sub-attributes 
of k; respectively with K; 1 Kj =@ for 221 for each ¢ /e{1,2,3 ... ni and f# 7 Assume Ky 
x Ky x K3x... x Ky = C = {Cip X Co~ X + X Cn} be a collection of multi-attributes, where 1 
<hAsaisk<fB,and1<1<y,and a, B,and y €N. Then the pair (F, K, x Kz 
x K3x...* K, = C) is said to be HSS over U and its mapping is defined as 


F: Ky, x Ky * K3x...* Ky, = C > P(U) 
It is also defined as 
(F, C)= {4 Fa(@):4€ AFa(G) € PCU)} 


Definition 4. [44] Let U be a universe of discourse and P(U) be a power set of U and k = {ky, 
ky, Kg,..., Ryt(n 2 1) be a set of attributes and set K; a set of corresponding sub-attributes of k; 
respectively with K; 0 Kj = @ for 221 for each 4 /e{1,2,3 ... nb and 74 7 Assume K, x Kp x 
Kx... * Ky = C = {eqn X Cox X 0 X Cy} be a collection of sub-attributes, where1 <h < a,1 
<k<B,and1<1<y,anda, B, and y € N and IFS" be a collection of all intuitionistic 
fuzzy subsets over U. Then the pair (F, K, x Kz x K3x...* Ky = C) is said to be IFHSS over U, 
and its mapping is defined as 


Fr Ky ® Ko * Ka & Ky = CS FS". 
It is also defined as 
(F, C)= {(6 Fe): 6 € CFC) € IFS” € [0,1]} 


where Fe(é) = {(5, Hee (8), 9¢(e(6)): 6 € u}, where Up(e(S) and O¢~o(5) represents the 
MD and NMD of the sub-attributes of the considered parameters such as Uge)(6), Oc (O) € 
[0,1], and O < pprey(5) + Yeray(5) < 1. 


Remark 1. If Ue (5) + Y¢@(S) < 1 is held and all parameters of a set of attributes have no 
further sub-attribute. Then, IFHSS was reduced to IFSS [9]. 
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The IFHSN F5(G) = {( Herre (6), Prrey (60) | 0; eu} can be express aS Déij = 


(tex aj) 8x2) for readers' convenience. To rank the alternatives scoring function of Séij 


is defined in the following: 
S(Se;) = He (é;;) ~ Dec) S(Se,,) € [-1, 1] (1) 


However, sometimes the scoring function such as J¢,, = (0.4,0.7) and Ja, = 
{0.5,0.8) is unable to compute the two IFHSNs. In such cases it can be difficult to decide 
which value is most suitable S(Jz,,) = 0.3 =S(S$z,,). Accuracy function has been intro- 
duced to overcome such difficulties: 

He) = Hee) + Pre, Ha) € [0,1]. (2) 

Thus, to compare two IFHSNs 3q,, and Yq,,, the subsequent ranking and compar- 
ison laws are classified as follows: 

1. If SQaj) > S(Xe,;), then Je, > Te,j- 

2. If Sg) = S(¥e,,), then 

o If H(z) > H(%z,), then 3s, > Te, 
o If He,) = H@e,), then Je, = Vg,;- 
3. Aggregation Operators for Intuitionistic Fuzzy Hypersoft Numbers 


In this section, we present the operational laws for IFHSNs and propose the 
IFHSWA, and IFHSWG operators for IFHSS. Furthermore, we discuss the fundamental 
properties of IFHSWA and IFHSWG operators utilizing our developed IFHSNs. 


3.1. Operational Laws for Intuitionistic Fuzzy Hypersoft Numbers 
Definition 5. Let Jz, = (He, 92,), Sta = (He, 94), and Ye. = (uz, 92>) be three 
IFHSNs and a be a positive real number, by algebraic norms, we have 
Ses @ Deg = (Hes T+ Hey, — Hes May» 9%,9e42) 
2. Seq, @ Sega = Mey Meyer Dus + Vey2 — 91s 92) 
3. ai = [1 = (1 He)" (8e5)"D 
4. 3%, = (lua) 11-1 8.) I) 
Some average and geometric AOs for IFHSSs are described based on the above rules for col- 
lecting IFHSNs A. 


Definition 6. Let 3«, = (He, 92,) be an IFHSN, Q; and y; are weight vector for expert’s and 
sub-attributes of selected parameters respectively with given conditions 0; > 0, Yi=19; = 1, ¥; 
> 0, Y=1 Yj = 1. Then IFHSWA operator is defined as 

IFHSWA: A” > A defined as follows: 


IFHSWA (Se, Séqqr =) Sdpm) = Or Yj (BE UBu, (3) 


Theorem 1. Let Jz, = (Hz, 92,) be an IFHSN. Then, the aggregated values obtained by using 
Equation 3 is also an IFHSN and 


IFHSWA (34,5.8e5s > Sénen) 


; |, ae: (nt. (1 7 ey an 7 ( s)")'} (4) 


where 0; and y; are weight vector for expert’s and sub-attributes of the parameters correspond- 
ingly with given circumstances 0; > 0, Yj=1 04 =1, yj > 0, ay yj =1. 
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Proof. We can prove this by applying the principle of mathematical induction such as 
follows: 
For n = 1, we get 0, =1. Then, we have 


IFHSWA (Se Seo ee) = Ok Vida 
IFHSWA (Se) 3é5)) Séum) = (1 — 17s (1 - 


He a TEs (92, y) 
> [.- a L(1- 
Ha,?)") , yet ( i=1 (02,)")'} 


For m = 1, we get y,; =1. Then, we have 
IFHSWA (34,,)3e,g1++ Sean) = Dia Uda, 


wt -ne F(a 
-( —Th= 1 (TI i(1 = 
nee)") tata (@u)"Y)} 


This shows that Equation 4 satisfies for nm =1 and m= 1. Consider Equation 4 
holds for m = 6, +1, n= B, and m= £,, n= B, + 1, suchas: 


obey (FE 9a, = (1~ Mf (TH (0-H,2)") mf? (TE (@,)")"] 


OVI O\YI 
of eV (efi 043.,;) = ( a Tf? (Mee (1 — 13,;?) ) AL? » (TIE (8 iy) ) 
For m= 6, +1 and n=, +1, we have 
@Ft! y; (@LT* 0:54, ) = OF v, (OZ, OTe, O p41 Degev; ) 


= By +18 By+1 x 
= ODj= = 1 0; ia Vj, QS Séij Dj=1 Vj Op, 4138541 


O% a Yj 
Bit+1 [7B i Bi+1 2\-82ti 
_ fa (Mes (2 ney?)")" @ 1-11 hegeen?) 2) 
7 0% ) Yj 
B1+1 (7B i By+1 B2+1 
I]j2 ea Oe (92,,) )’ Olljz . 7((8 es) ) 
OF OYYI 

= (=f (aE =n)” fs (ns (@)")") 
Hence, it is true for m = 6B, + 1 and n= B, +1. 
3.2. Properties of IFHSWA Operator 
3.2.1. (Idempotency) 
If Se, = Sa, = (we) ¥ i J, then, 
IFHSWA (Sasi bases = aie) = Se: 
Proof. As we know Séij = Se = (ue,,, 9e,;) to be a collection of IFHSNs, then by using 


Equation 4). 
OVI O\YI 
IFHSWA (34,1) 3é51 1 Seam) = (1-7 1 (TI nm 1(1-Hz,) ) Tp: (ls (#,,) ) 
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1- (( = a oe a | (Can a 


(1 ‘i (1 P Hay) 824) ~ (Hep Bei) = Se. 
Which completes the proof. 


3.2.2. (Boundedness) 
Let Séij be a collection of IFHSNs and 
- _ /[minmin max max ~ + _ /max max min min 
cy 7-4 {Hey} ji {82,}} and Say" = ir a {Hey} ia {8}, then 
6. STRASWA (Se Siti Sia) = Shy 


y 


CR CR 


Proof. As we know SDéij = (we,;-Je,)) to be an IFHSN, then 
min min max max 
os {H,)} Shey Sj i {Hei} 


a ih eee max {uz,,} < <1- Mey <1- ae min {uz,,} 


Vs (1-Heg) 1-70" eey}) 


- i= (a) s (1- i Gage 


eo (1 be a moe {wey 


= (1 9eet 


QS Wo wa 
Ne 
Ta 
Ly 
i 


S (1- ose {us, eu < ea ist (1 - ys < (1 - (5) 
Ce {ua,}) 

mrrrinde malta) 1mm 

a min min fis, ie een ce Yj < max max faa, } 

a a {ue,,} <1- ‘a we (Tle n ~ ,) _ < max max tua, } 

Similarly, oe re {92,,} < TTR a (¥2,,) ae < oe a {92,,} (6) 


Let IFHSWA (34,4) Se.91 = Séam) = (Mes: Bes) = Seg, that inequities 5 and 6 could be 


turned into the subsequent form: 
min min max max min min max max 
j {ue} Hig Sy {Hey} and "yt {8e,;} SV Si {8e,)} RSE 
val. 
So, by utilizing Equation 1, we have: 


S(Ses) = bis — 9a, Sy {ue} - eed {82} = S(3.,*), 
S(Ses5) = Hes — Ves 2 oe mn fuze} — ee {9:,} = 8 (33z,,"). Then, by order relation 


among two IFHSNs, we have 
Sey S IFHSWA (3a) 3ei20) Seam) S Sey" 


3.2.3. (Shift Invariance) If Jz, = (zs, 925) be an IFHSN. Then, 

IFHSWA (3c,, ® dei See peed Sz.) = IFHSWA (3¢,4) 3.9) 1 Seam) ® Dos 
Proof. Consider J; and Je, to be two IFHSNs. Then, by using operational laws defined 
under IFHSNSs in Definition 5 (1), we have: 


Entropy 2021, 23, 688 


8 of 18 


ey @ Seij = (a + He; — Mesa» 9258%,), therefore 
IFHSWA (3¢,, ® Seg: Beua B Beg 1 Beam B Bes) = OM Vi (ONL % (Fe, ® Bes) ) 


1—I]j= wa (Ties (1- jay (1 - eye ie a an (8,)' (04)")"| 
: ‘ mee Hes) M1 (Tit, (1 7 va,)) Bes [je (Tr, (o.,)")"| 
-( vate Fas (Ms (1 . Hay) ) ra 1 (.,)")" B (ues, Ve5) 


= IFHSWA (3e,41 3éqp) +» Dénm) B Seg 
Which completes the proof 


3.2.4. (Homogeneity) 

Prove that IFHSWA (a3<,,,@3e,91 11 ASeqm) = & IFHSWA (3e,4)3ey0) Séam) for any 
positive real number a. 

Proof. Let 3z,, be anIFHSN and > 0, then by using Definition 5 (3), we have 


a 
So, 
IFHSWA (036,45 €3é,59 +1 Aen, = 


fs [] (FI (1 - muy) I (a (04)"). 
= {1~ (as (Ts (1~1He,)")") (1 (Ts (6,)")") | 


= a IFHSWA (34,4) 3é90 = Seam) 
Completes the proof. 


Definition 7. Let Jz, = (Ha, 9e,) be an IFHSN, Q; and y; be weight vectors for expert’s and 
multi sub-attributes of the considered attributes correspondingly along with specified circum- 
stances 0; > 0, di. 9; = 1, y; > 0, aa y; = 1. Then IFHSWG operator can be defined as 
follows: 

IFHSWG: A” = A defined as follows: 


~ ~ od oxi : 
IFHSWG (S44) Sei9» 1 Seam) = Or, ( i= Tht Sein) ; ”) 
Theorem 2. Let $¢, = (ue,,0«,) be an IFHSN. Then, utilizing Equation 7, we get PFHSN and 
IFHSWG (Se. Bag» Séam) = 


[I (1 (s)") a-J] (a (1- su)"). 6) 


j=l \i=1 j=i \i=1 


Q; and y; be weight vectors for experts and multi sub-attributes of the considered at- 
tributes correspondingly along with specified circumstances 0; > 0, Yii,0; =1, yj > 0, 
m 
j=1 Yj = 1. 


Proof. The IFHSWA can be proven as follows utilizing the principle of mathematical 
induction. 
For n = 1, we get 0, =1. Then, we have 


~ ~ ~ oa 
IFHSWG (Sey Sein) Sénm) = Ofer Te, 
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7 : 
IFHSWG (Sess Sésar 1 Stam) = (ITP: (ue,,)7.1 — 109s (1 - 82,,)"] 


eg (Ts (ey): ,l- jot ( i=1 (1 = s,)")'} 


For m = 1, we get y; =1. Then, we have 
4 4 4 4 0; 
IFHSWG (38,4) Seg 1 Dénm) = Of (Be,,) 


= (aa i= iad - 82,)") 
- (Th( ee (ue,)") ,1- Mes ( i=1 (1 - s)")'} 


This shows that Equation 8 fulfills for n = 1 and m = 1. Consider Equation 8 holds 
for m= 8, +1, n=f, and m= f,, n = B, +1, suchas: 


an} (@f2, (3a,)")" - (nif (ne 2,(ue,)") 1 ~ met" (Ts (1-%,)")"] 
af, (ef : (Bx)")” = (nf (Tiff (way) ") "4 — ribs, (rife (1 -4,)")"} 


For m= fp, +1 and n = B, + 1, we have 
0; 0% a Yj 
By +1 Bot1 t By 41 a t oe Bot+1 
eft (BE (B,)"')" = 81 (BE, Ba,)" @ Beg)” ) 


0; \ Yj 0) Yj 
_ By +1 ~ 7 Br +1 Bott 
~ @5= 2 fal oe 1 (3z,,) ) @j= : (cs) ) 
Qj OBo41\ 
Weis Cue (uz,,) )@ @ Titt ((Heexeny) 2 ) : 
: a Yj 
Bit1 (778 i Bit1 Bo+a 
“a(t (2~4)°"@1- E(d~Pag)™™) 
2 bt: (we (ue ey = i ae (1 = 9s )")" 
ij ; 
Hence, it is true for m = 6B, + 1 and n= B, +1. 


We establish some properties for the collection of IFHSNs based on Theorem 2, by 
utilizing the proposed IFHSWG operator. 


3.3. Properties of IFHSWG operator 
3.3.1. (Idempotency) 

Séij = Je = (uz, 9s,;) Vv L, I then, 
IFHSWG (32,41 Seq 1 Seam) = Day: 


Proof: As we know sey 5 = (Ha, 93,;) to be a collection of IFHSNs, then by Equa- 


tion 8 


ONYI 4\YI 
IFHSWG scat ms (Ts (we) ) .1- Mts (Ts(1-82,) ) 


(Comoe pls (( - as las 
= (a Ls (1 a 82,,)) = (ue, 9e,,) = Sey: 


3.3.2. (Boundedness) 
Let Séij be a collection of IFHSNs and 
- _ [minmin max max ~ + _ /max max min min 
cy j i {Hey}, ji {%.,}} and Say" = ( prod {Hey} ji {82}, then 
dS TRASWG (Sigs Si aichs Sete) Shy 


y 


CR Ce 
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Proof: As we know that 34, = (He,-Je,;) is an IFHSN, then 
mmo) <aey <P" (] 

= (hey) S bey ST Be} 

ou) Say) SE el) 

oo (Ppa) Ta (ey) (Mea) 


eee ay < 7s ( ey nhl < (rama, PE Ps ”) 


0 


min min 


S j i {Hey 
eo east {ue,,} Ss ne. ( 1 as 


Se te ie {ue,,} <r, (Tie, (Hey)") 


San 
IA 
= 
ll 3 
a 
“aN 
T 3 
a 
LOR 
= 
a 
a, 
2 
n—"”” 
=< 
lA 
ee 
7 Q 
R 
sess 
"a 
R 


{ue} 


i} 


-—~ 
x 


IA 
2 
-8 
tay 
23 
~8 
tad 

pan 


IA 
ae 
-8 
ty 
ae 
-8 
tad 


‘i Yj 
Similarly, © its {92,,} Staliz pT ie Day, 7 <a asl {92,,} (10) 


Let IFHSWG (94,4) 3a59 +» Séam) = ae = 3z,, then Inequalities 9 and 10 can 
be transformed into the following form: 


min min max max min min max max 
j nN as \s He, S j laa, } and ji {82,,} SUS ae {92,,} respec- 


fale 
So, by utilizing Equation 1, we have: 


S(O) = He SUR S Gee {uz,,}- ae {92,,} 7 S( 
( 


Mee) = Hee Ue Se ies ae {az} -— ™*™*{9..} = S 


34,°), 
j iS 


ay) Then, by order relation 


among two IFHSNs, we have 
Se; S TFHSWG (Se S455) Sig, S Oe, 


3.3.3. (Shift Invariance) 
If Sz, = (es, 9z,) be an IFHSN. Then, 
IFHSWG (32,, ® Bag» Seo @ Begr 01 Seam @ Bas) = [FHSWG (Be, 41 Beq9 + Dem) @ Bay: 


Proof: Let Jz, and Séij be two IFHSNs. Utilizing Definition 5 (2), we have: 
és @ Seij = (Hay, Hera? Deu, a Der. = 9e,,924,)- Therefore 
IFHSWG (Se,, ® Sige Beqq @ Beg 1 Beam @ Beg) = Ber Vj (Oki 21 (Be, ® Bey) ) 


(TTS, (us,) (ue,)) a= ane (sey) sayy ) | 
: (H I, (Tit. ay ,1-(1-83,) res ( m(1- *,)")'| 
| f=1 (Tie. Gay) »A-TNja1 ( i=t (1 = *,)")'| ® (Has 925) 


IFHSWG (Se141 Seg?) Dénm) @ Bey: 
Which completes the proof. 


3.3.4. (Homogeneity) 
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Prove that IFHSWG (a%¢,,,432,5) 1 ADenm) = © IFHSWG (3e,,)Se,91 Seam) for any 
positive real number a. 


Proof: Similar to 3.2.4. 


4, Multi-Criteria Decision-Making Approach under IFHSS Information 


An MCDM technique is constructed here with underdeveloped operators and de- 
scribed as a numerical illustration to demonstrating their competence. 


4.1. Proposed Approach to Solve the MCDM Problem 


Consider Q = {Q1,07,93,...,05} to be a set of s alternatives and X 
{X1, X2,X3,..,X,} to be a set of n experts. The weights of experts are given as 0. = 
(4,94, Mm)? and 0; >0, NL, = 1. Let L = {c4,cz,...,Cm} be a set of attributes with 
their corresponding multi sub-attributes such as 2’ = {(c1p X Cop X +X Cis) forall p € 
{1, Diith with weights y = (Vay Vins Vasko van) such as yp, > 0, Die = 1. The 
components in the collection of sub-attributes are multi-valued; for the sake of accessi- 
bility, the components of &’ can be stated as &’ = {%:0 € {1,2,...,k}}. The team of ex- 
perts {X;: i = 1, 2,..., n} appraise the alternatives {Q@: z = 1, 2, ..., s} under the pre- 
ferred sub-attributes of the considered parameters {Cg: 0 =1, 2, ..., k} given in the form 
of IFHSNs such as (32) = ( @) 9) , where 0 < p,9® < 1and p+ 9 

nxd nxd y y 


Ci Pay Very Ci Ci 


< 1 forall i, j. 


4.2. Algorithm for Developed Aggregation Operators under IFHSS Information 


Step 1. Acquire a decision matrix from experts for each alternative {Q@: z =1, 2, ..., s} 
such as follows: 


y 


Cy Co Aisa Ca 
x, [H292) (12.92) ~ (u2.08) 
(0%,2),, 9-22 | HAL) (HAL) ~~ (0B) 
* \(u,0©) (u@,0@) ~~ (uP, 0@) 


Step 2. Transforming cost type sub-attributes to benefit type sub-attribute using the 
normalization rule and obtain the normalized decision matrix. 

Ko @) ,@). 

% Sai (og ; a cost type parameter 


en 
34, = (ue) ; benefit type parameter 


Step 3. Utilizing the developed aggregate, operators obtained a collective decision matrix 
Se, for each alternative T = {FR FE GF TPN, 
Step 4. If T = {71,T7,T3,...,75} are a collection of considered alternatives, then calcu- 
late the score values utilizing Equation 1. 
Step 5. Pick the most suitable alternate with a supreme score value. 
Step 6. Rank the alternatives. 

The above presented approach can be expressed graphically in Figure 1 such as 
follows: 
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Choose the altemative with 
maximum score value 


Choose the parameters accordmg 
to DM problem with their corre- 
spondmg sub-attributes 


Development of decision matrices for altemmatives ac- 
cordmg to experts evaluation m form of IFHSNs 


Converts ratmg value of its mto benefit type Identify the cost type sub- 
sub-attributes by usmg normalization rule attributes 
Aggregation process 
IFHSWA operator IFHSWG operator 


Collect aggregated Intuitionistic fuzzy hypersoft num- 
bers (IFHSNs) 


Compute the score value of aggregated numbers 


Figure 1. Flow chart of the presented decision-making approach. 


4.3. Case Study 


The problem of supplier selection is important in both methodical and practical di- 
mensions. It is a key issue for the firm as the optimal choice of supplier is the basis for 
effective management of the supply chain and the source of competitive advantage. In- 
cluding pro-environmental imperatives and other aspects of sustainable development in 
the supplier selection process makes the correct supplier selection difficult and multidi- 
mensional. Depending on the scope of pro-environmental or pro-social activities, sup- 
plier selection is often referred to in the literature as "sustainable supplier selection’. It is 
a complex and multidimensional problem, where there are conflicting criteria, and the 
evaluation process itself requires consideration of many perspectives. From these points 
of view, the supplier selection problem is often treated in the literature as a "reference" 
problem, where multi-criteria decision support methods (MCDM) have been widely ap- 
plied. The problem of selecting and evaluating a sustainable supplier is addressed in 
many works. Analyzing papers [49-51] and using review papers [52-54] in this example 
of sustainable supplier selection, it was decided to extract the following set of five basic 
criteria. These are: c,, quality of service; c,, pollution control; cz, environmental effi- 
ciency; C4, price; and cs, corporate social responsibility. 

Let {X®M, x@, x@, XM, X©} be a set of substitutes and 2 = {c, = 
Superiority, c, = Delivery, c, = Services,c, = Troposphere, c, = 
Commercial societal concern} be a collection of considered attributes given as Superiority 
= ¢, = {c,, = national level,c,, = international level}, Delivery = c, = {c2,= 
by carriar,Cz2 = by hand}, Services = c3 = {c3, = services}, Troposphere = c, = 
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{c4, = friendly,c4. = non serious}, and Commercial societal concern = cy, = {C51 = 

Commercial societal concern}. Let 2’ = cy, x Cz x C3x C4 x Cs bea set of sub-attributes 

R= Cy x Cy X C3X Cy X C5 = {Cq1,Cr2} X {C21,Co2} X {C31,C32} X {Car} X {C51} 

= es Co) C31) Cary C51) (Cr Coa C32 Cars C51)) (C11) C221 C31) C41) C51)) (C14 C221 C32) Car au 
(Cra, C211 C31) Cat C51), (Cra, C21» C32» Car» C51) (C12, C22, C311 Ca C51)s (C12, C221 C32 Car C51) )” 

LR’ = {E,€2,€3,€4,€5,€6,€7,€g} be a set of all sub-attributes with weights 


(0.12, 0.18, 0.1,0.15, 0.05, 0.22, 0.08, 0.1)". Consider {(9™, 9Q®, 9Q@), QM} be a set of ex- 
perts with weights (0.2, 0.3,0.4,0.1)” to assess the finest alternate. Experts give their 
preferences in terms of IFHSNs using considered multi sub-attributes. The following is 
that the procedure progressed to get the most productive choice. 


4.4, Sustainable Supplier Selection using Intuitionistic Fuzzy Hypersoft Weighted Average 
Operator 


Step 1. Experts examine the circumstances in the instance of IFHSNs. The multi 
sub-attributes of the considered attributes, along with a summary of their score values 
are given in Tables 1-4. 

Step 2. There is no need for normalization, as all attributes are identical. 

Step 3. Using Equation 4, expert’s opinion can be summarized as follows: 

Ly = (0.23054, 0.42563), Lz = (0.291197, 0.415560), £3 = (0.447878,0 .363226), and Ly 
= (0.441142, 0.345641). 

Step 4. Calculate the score values using Equation 1. 

S(L,) = —0.195086, S(L,) = —0.124363, S(L3) = 0.084652, and S(L,) = 0.095501. 

Step 5. By using the obtained score values, we can see that Q“) is the best alternative. 
Step 6. Hence, the following is an arrangement of alternatives: S(L,) > S(L3) > S(L2) 
> S(L£,). So, QO > Q®) >Q@ > QM, hence, the alternative Q™ is the most suitable 
alternative. 


Table 1. Decision Matrix for Alternative Q™. 


Qh Cy C2 C3 C4 C5 &6 C7 Cg 
x (03,0.5) (02,03) (01,03) (03,06) (02,04) (02,06) (05,04) (01,03) 
X> (0.2,0.7) (04,06)  (0.3,0.4) (01,02) (01,02) (0.2,0.4) (0.2,0.5)  (0.4,0.5) 
X3 (0.2,0.3)  (0.2,0.5) (01,06) (03,04) (0.40.6)  (0.1,0.4) (0.2,0.3) — (0.2, 0.5) 
X4 (0.2,0.4) (0.2,0.3)  (0.2,0.4) (0.4,0.6)  —(0.3,0.5) ~—(0.3,0.6) ~—-(0.4,0.5) — (0.1, 0.3) 
Table 2. Decision Matrix for Alternative 9) 
Q”) Cy C2 C3 C4 Cs &6 C7 Cg 
xX, (02,06) (03,04) (04,05) (03,05) (05,04) (04,06) (03,05)  (0.4,0.5) 
X> (0.3,0.5) (02,04) (01,02) (01,02) (04,05) (01,03)  (02,0.7)  (0.1,0.8) 
X3 (0.3,0.7) (04,05) (0.2,0.8)  (0.3,0.4) (0.2,0.3)  (0.3,0.4)  (0.1,0.2) — (0.7,0.2) 
Xe (0.5,0.4) (0.1,06) (0.2,0.3) (02,03) (01,02) (0.2,0.4) (04,06)  (0.5,0.5) 
Table 3. Decision Matrix for Alternative Q@) 
Q®) Cy C2 C3 C4 Cs & C7 eg 
xX, (0.4,0.5) (03,05) (04,05) (03,04) (02,04) (04,05) (03,04)  (0.3,0.5) 
x, (0.3,0.4)  (0.1,0.3) (01,08)  (0.1,0.2) (04,06)  (0.3,0.7) (06,01) (0.8, 0.1) 
X3 (0.6,0.2)  (0.3,0.4)  (0.7,0.3) —(0.3,0.4) ~—- (0.10.2) ~—s- (04,05) —s- (0.30.5) _—-(0.6, 0.3) 
Xe (0.5,0.4)  (0.2,0.3) (04,06)  (0.3,0.4)  (0.3,0.6) ~—-(0.7,0.2) ~—-(0.4,0.2) ~—-(0.5, 0.2) 


Entropy 2021, 23, 


688 


14 of 18 


Table 4. Decision Matrix for Alternative 9 


(0.2, 0.7) 
(0.3, 0.5) 
(0.6, 0.3) 
(0.5, 0.4) 


(0.4,0.5) (0.2,0.4) (04,03) (01,02) (0.2,04) (0.3,0.4)  (0.2,0.4) 
(0.2,0.4) (08,01) (0.5,0.2) (04,03) (04,05)  (0.7,0.2) (0.6,0.3) 
(0.4,0.5)  (0.6,0.2) (0.6,0.4) (01,02) (0.3,04) (0.5,0.3) (0.40.5) 
(0.1,0.3)  (0.3,0.5) (0.5,0.3) (03,05) (08,01) (03,05) — (0.2,0.5) 


Truth- 


iness 


4.5. Sustainable Supplier Selection using the Intuitionistic Fuzzy Hypersoft Weighted Geometric 
Operator 


Step 1. Experts examine the circumstances in the instance of IFHSNs. The multi 
sub-attributes of the considered attributes, along with a summary of their score values 
are given in Tables 1-4. 

Step 2. There is no need for normalization, as all attributes are identical. 

Step 3. Using Equation 8, expert’s opinion can be summarized as follows: 

Ly = (0.201387,0 461254), Lz = (0.238098, 0.480574), £L3 = (0.317227,0.459177), and 
Ly = (0.366312, 0.402225). 

Step 4. Calculate the score values using Equation 1. 

S(L,) = —0.259867, S(L2) = —0.242376, S(L3) = —0.141950, and S(£L,) = —0.035913. 
Step 5. By using the obtained score values, we can see that Q™ is the best alternative. 
Step 6. Hence, the following is an arrangement of alternatives S(L,) > S(L3) > S(L2) > 
S(L,). So, O@ > Q? > Q® > QM, therefore, the alternate Q is the most appropri- 
ate alternative. 


5. Comparative Analysis and Discussion 


In the subsequent section, we are going to talk over the usefulness, easiness, and 
manageability of the assistance of the planned method. We also performed an ephemeral 
evaluation of the undermentioned: the planned technique, along with some prevailing 
methodologies. 


5.1. Superiority of the Proposed Method 


Through this study and comparison, it could be determined that the consequences 
acquired by the suggested approach have been more common than either available 
methods. However, overall, the DM procedure associated with the prevailing DM 
methods accommodates extra information to address hesitation. In addition, FS’s various 
hybrid structures are becoming a special feature of IFHSS, along with some appropriate 
circumstances which have been added. The general information associated with the ob- 
ject can be stated precisely and analytically (see Table 5). Therefore, it is a suitable tech- 
nique to syndicate inaccurate and ambiguous information in the DM process. Hence, the 
suggested approach is practical, modest, and in advance of fuzzy sets’ distinctive hybrid 
structures. 


Table 5. Comparison of IFHSSs with some prevailing studies. 


Falsi- Attrib- Sub-Attri Loss of In- 


: Parametrization Advantages 
ty utes butes formation ‘ ™ 6 


Zadeh [1] 


FS 


Majiet al. [7] FSS 


Zhang et al. 


IFS 


Vv 


Vv 
¥ 


. y 7 . x Deals uncertainty by using 
fuzzy interval 
Deals uncertainty by using 
fuzzy soft intervals 


v v¥ x v x Deals uncertainty by using MD 
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[55] 
Xu et al. [56] IFS 


Maji et al. [9] IFSS 


Proposed 


FHSS 
approach 


Method 


and NMD 
Deals uncertainty by using MD 
and NMD 
Deals uncertainty by using MD 
and NMD 
Deals more uncertainty com- 
parative to IFHSS 


5.2. Discussion 


Using MD, Zadeh’s [1] FS only handled the inexact and imprecise information of 
sub-attributes of considered attributes for each alternative. However, the FS has no evi- 
dence regarding the NMD of the considered parameters. The existing FS only contracts 
the ambiguous difficulties using MD, though our planned technique accommodates the 
vagueness applying MD and NMD. Additionally, Zhang et al. [55] and Xu et al. [56] de- 
veloped IFS which deals with the vague information using MD and NMD. However, 
these theories are unable to deal with the parametric values of the alternatives. Maji et al. 
[7] presented the notion of FSS to deal with the parametrization of the objects which 
contain uncertainty by considering the MD of the attributes. However, the presented FSS 
provides no information about the NMD of the object. To overcome the presented 
drawback, Maji et al. [9] offered the concept of IFSS; the presented notion handles the 
uncertain object more accurately, utilizing the MD and NMD of the attributes with their 
parametrization and MD + NMD <1. All the above mentioned studies have no infor- 
mation about the sub-attributes of the considered attributes. Therefore, the above men- 
tioned theories are unable to handle the scenario when attributes have their corre- 
sponding sub-attributes. Our presented approach can resolve these complications simp- 
ly, and bring additional operational consequences in the DM method. It may be seen that 
the best selection of the suggested approach is to resemble the verbalized own method, 
and this ensures the liableness along with the effectiveness of the recommended ap- 
proach. 


5.3. Comparative Analysis 


We recommend another algorithmic rule under IFHSS by utilizing the established 
IFHSWA and IFHSWG operators in the following section. Subsequently, we utilize the 
suggested algorithm to a realistic problem, namely the supplier selection in SSCM. The 
overall outcomes prove that the algorithmic rule is valuable and practical. It can be ob- 
served that Q supplier is the finest alternative for SSCM (see Table 6). The recom- 
mended approach may be compared to other available methods. From the research 
findings, it has been concluded that the outcomes acquired by the planned approach ex- 
ceed the consequences of the prevailing ideas. Therefore, comparative to existing tech- 
niques, the established AOs competently handled the uncertain and ambiguous infor- 
mation. However, under existing DM strategies, the core advantage of the planned 
method is that it can accommodate extra information in data comparative to existing 
techniques. It is also a beneficial tool to solve inaccurate, as well as imprecise, information 
in DM procedures. 


Table 6. Comparative analysis with existing operators. 


eyes) g®) g®) Qg Ranking Order 


IFWA [25] 
IFWG [21] 
IFEWA [22] 
IFEWG [20] 
IFSWA [13] 


0.21173 0.22017 0.33215 0.27008 g > QM >Qg®@ > g® 
0.20587 0.23066 0.32902 0.25462 Oe > 0 > 99 > .9) 
0.51686 0.54833 0.60467 0.59021 gM > 9% > 9g). >.9°) 
0.54219 0.56597 0.62190 0.59381 OY) = 9% > 99) >.0) 
0.08158 0.07674 0.14762 0.09959 OY > OOS 9@) sO) 
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IFSWG [13] 0.49830 0.41735 0.40935 0.46175 OM s90'S 90) > g®) 
Proposed IFHSWA operator —0.195086 —0.124363 0.084652 0.095501 gs gS) s9@ > 9 
Proposed IFHSWG operator _—0.259867 —0.242376 —0.141950 —0.035913 Q > Qg® >Qg®@ > g® 


The existing operators are unable to cope with parametrization and multi 
sub-attributes of the alternatives. However, our developed IFHSWA and IFHSWG 
operators competently handle the parametrization and multi sub-attributes of the 
considered attributes. Therefore, it is a suitable tool to merge inexact as well as hesi- 
tant information in the DM method. 


6. Conclusions 


This study focuses on IFHSS to resolve the problems of inadequate, indistinct, and 
discrepant information by considering the MD and NMD on the n-tuple sub-attributes of 
the considered attributes. This research puts forward the novel aggregation operators for 
IFHSS, such as IFHSWA and IFHSWG operators with their fundamental properties. Ad- 
ditionally, a DM approach has been developed by using IFHSWA or IFHSWG operators 
to solve MCDM complications. Furthermore, a comparative analysis was performed to 
ensure the effectiveness and manifestation of the presented approach. Lastly, according 
to the obtained outcomes, it can be determined that the planned method displays ad- 
vanced constancy and feasibility for experts in the DM procedure. Based on the obtained 
results, it can be determined that the planned technique shows that the experts have 
higher stability and availability in the DM process. The forthcoming study will focus on 
presenting DM techniques utilizing numerous other measures, such as entropy measures 
and similarity measures, etc., under IFHSS. Moreover, many other structures can be es- 
tablished and proposed, such as topological structure, algebraic structure, ordered 
structure, etc. We believe that this research opens new vistas for investigators in this 
field. 
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